Limit relations between g-Krall type orthogonal polynomials 



R. Alvarez-Nodarse^ and R. S. Costas-Santos* 

' Departamento de Analisis Matematico. 
Universidad de Sevilla. Apdo. 1160, E-41080 Sevilla, Spain 
' * Instituto Carlos I de Fi'sica Teorica y Computacional, 

Universidad de Granada, E-18071 Granada, Spain 
D ' * Departamento de Matematicas, E.P.S., Universidad Carlos III de Madrid. 



(N 



Ave. Universidad 30, E-28911, Leganes, Madrid, Spain 
September 5, 2011 



< 

u 

• Abstract 

In this paper, we consider a natural extension of several results related to Krall-type polyno- 
mials introducing a modification of a g-classical linear functional via the addition of one or 
two mass points. The limit relations between the g-Krall type modification of big g-Jacobi, 
little g-Jacobi, big g-Laguerre, and other families of the g-Hahn tableau are established. 

in 
oo 

^ ! 1 Introduction 

■ In the last years, perturbations of a linear functional C via the addition of Dirac delta functions 

— the so-called Krall-type orthogonal polynomials — have been intensively studied (for recent 
reviews see e.g. [6, 7] and references therein), i.e. U = C + A5(x — xq), where A > 0, xq G IR and 
5(x — y) means the Dirac linear functional defined by (5(x — y),p(x)) = p(y), Vp £ C[x], the linear 
space of polynomials with complex coefficients. Of particular interest are the cases when the 



starting functional is a classical linear functional (Jacobi [6, 18], Laguerre [6, 16], Hermite [6], 
and Bessel [20]) and a discrete one (Hahn, Meixner, Kravchuk, and Charlier) [3, 4, 5, 10, 11, 14]. 
A more general case U = C + Ylt=i Ai5(x — «j) — J2f=i BjS'(x — bj) was studied in a recent paper 
[2] where a special emphasis is given when C is a semiclassical linear functional. 

In a recent paper [9] the case when C is a discrete semiclassical or g-semiclassical linear 
functional was considered in details. Here we will focus our attention on the case when C is 
a g-classical linear functional and we will construct the Krall-type polynomials associated with 
the g-classical families of the so-called g-Hahn tableau [8, 19]. This case is not so well known 
and only few papers deals with examples of such polynomials: the Stieltjes-Wigert polynomials 
[12], a particular case of the (/-little Jacobi polynomials [24], and the Al-Salam & Carlitz I and 
discrete (/-Hermite I [9]. 

The aim of the present contribution is to continue the work started in [9] and study several 
families of g-Krall type orthogonal polynomials. In particular, we will obtain the limits of the 
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g-Krall type polynomials in the (/-Halm tableau. In such a way we will continue the study started 
in [6] concerning the limit relations among the Krall-type families. 

The structure of the paper is the following. In section 2 some preliminaries and the basic 
parameters of the families that we will consider later on are given. In particular, we include 
the explicit values for the kernels of the corresponding (/-classical polynomials in terms of the 
polynomials and their (/-derivatives. In section 3 the (/-Krall-type orthogonal polynomials are 
defined and some algebraic properties are deduced for these new families. Finally, in section 4, 
the limits of the modified polynomials of the examples considered in section 2 are established. 



2 Preliminary results 

In this section, we state some formulas for (/-classical orthogonal polynomials P n (x(s)) q = P n (s) q 
of the (/-Halm tableau, orthogonal with respect to a (/-classical linear functional C q [21], i.e., 

(C q ,P n P m )=d 2 J n)m , d 2 n ^0, n,m = 0,l,2,... (1) 

These functionals usually have the form (see the section 2.1 for more details) 



(C q ,P) = { 



P(x(s))p(s)Vxi(s), little q-Jacobi, q-Meixner, Wall, g-Charlier, 

s=0 

/ P(x)p{x) d q x, big g-Jacobi, big (/-Laguerre, Al-Salam-Carlitz I, 

J Sn 



etc., where f(t)d q t is the Jackson (/-integral (see [13, 17]), p is a weight function satisfying 
the following difference equation of Pearson-type 

at / \ t w i \ i \V7 n — P(* + !) cr{s) +t{s)Vx 1 (s) 
A[a(s)p(s)\ = T{s)p{s)Vx 1 {s) 



p( S ) (7(8 + 1) 

the lattice is x(s) = cq ±s + c', Xf~(s) = x(s + |), and V and A are the backward and forward 
difference operators defined respectively as V/(s) = f(s)—f(s—l), A/(s) = f(s+l)—f(s). Now, 
consider the sequence of (/-classical orthogonal polynomials with respect to the linear functional 
C q (</-COP). They satisfy the second order linear difference equation (SODE) of hypergeometric 
type [22] a(s) Va ^ (s) ^f^y + t(s)^^ + X n y(s) = 0, where a(s) and r(s) are polynomials of 
degree at most 2 and exactly 1, respectively, and X n is a constant. Moreover, these families of 
(/-polynomials satisfy several algebraic relations such as a three-term recurrence relation (TTRR) 

x(s)P n (s) q = a n P n+ i{s) q + l3 n P n (s) q + ~i n P n -i{s) q , n = 0,1,2..., (2) 

with the initial conditions Po(s) g = 1, P-i(s) q = 0, the structure relations (n = 1, 2, 3, . . . ) 

VP (s) ~ 

(3) 

AP n (s) - 

H s ) Axis)" 1 = ^ nPn + 1 ^1 + PnPn{s)q + %P n -l{s)q, 
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where <p(s) = a(s) +r(s)Vxi(s), as well as the Christoffel-Darboux formula for the n-th kernel 
associated with the family 

T s , \ Pm(si)qP m (s2)q OL n P n+1 (s 1 ) q P n {s2)q ~ Pn+1 {s 2 ) q P n (si) q 

" (S1,S2) := h — * — = < iw^w ' <4) 

In the sequel we will use the notation K n (so) := K n (so,so)- From (4) and (3) follows that 
1. If cr(s ) = 0, then 

Pn(so)q 



K n (s,s ) 

2. If 0(s o ) = 0, then 

K n (s,s ) 



d 2 (in _ [ 7n 



x(s) — x(sq) Vx(s) 



-Pn(so) 



7n p ,x 0(g) AP TO (s) g 

7n ™ 9 x(s) - x(s ) Ax(s) 



(5) 



(6) 



Remark 2.1 ^4 straightforward calculation shows that — and — are independent of the nor- 

& n In 

malization of P n (s) q , i.e. if P n (s) = C n P n {s) q then those ratios do not change. Moreover ([1, 
eq. (6.15)]) ^jn/ln - a n /a n =%/^ n - a n /a n . 



2.1 The g-classical polynomials 

In this section, we will summarize the main properties of the (/-polynomials of the (/-Halm 
tableau needed in the next sections (for more details see [17]). In all cases we have used (5) 
and (6) for computing the kernels at the corresponding points. In the sequel we will consider 
probabilistic measures, i.e. d$ = 1. This fact will be useful in order to obtain the right limits 
for the corresponding (/-Krall-type polynomials. Here and through out the paper we will use the 
standard notation for the basic series. For more details see [13]. 

The big (/-Jacobi polynomials P n (x;a,b,c;q), introduced by Hahn in 1949, are the most 
general family of (/-polynomials on the (/-linear lattice x := x(s) = q s . They constitute a (/-COP 
sequence with respect to the linear functional C BqJ 



(C B « J ,P):= / P(x)p(x)d q x, 

J c q 



(7) 



where the weight function p(x), supported on [cq, aq], < a, b < q 1 , c < 0, is given in table 1. 
For these polynomials we also need the following expressions for the kernels 



K^ J (x,aq) = 
K^ J (x,cq) 



(aq,abq;q) T 



(1 - abq n+1 )P n (x;a,b,c;q) - (x - cq)(l - q 1 )D (? P„(q 1 x;a,b,c;q) 



(q,bq; q) n 

(aq,abq,cq;q) n 
(q,bq,abc~ 1 q;q) n 



(1 - abq)a n 

(q~' n - abq)P n (x; a, 6, c; q) -aq(bx-c)(q-l)V q P n (x; a, b, c; q) 



(1 - abq)(-acq n / 2 + 1 / 2 y 



(8) 



(abq,cq;q) n 
(q,abc- 1 q;q) n 



(1 - abq n+1 )P n (x;a, b,c;q)-(x-aq)(l-q v )V q P n {q 1 x;a,b,c;q) 



(1 - abq)c n 
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Table 1: Parameters of big g-Jacobi and Stieltjes-Wigert polynomials 



Big g-Jacobi Stieltjes-Wigert 

a(x) q~ 1 (x — aq)(x — cq) q~ 1 x 

4>(s) aq(x — l)(bx — c) x 2 

\ A (i-ai»g" +1 )(i-g") A i-g" 

A ™ ~1 (1-?)^" ~ q (l-q)' 2 

p{x) 



1 (aq,bq,cq,abc 1 q,a 1 x,c 1 x;q) 00 1 1 

aq(l-q) (q.abq 2 ,a~ 1 c,ac~ 1 q,x ,bc~ 1 x;q) -x, In q (q, — a;, — qa? ~~ 1 ;q) 



t/ 2 (l-abq)(qbq,abc 1 q:q) n (_ 1 

n (1 — abq 2ri + 1 )(aq , ,abq,cq;q), n \ / (<?;<?)n'? T1 

Pn(^o) P„(ag;a,ft,c; g )= < n £^ ! B g) " (-eg** 1 )" S n (0;g) = ^ 

Pn(^i) P n ( C g;a,6, C;9 ) = {^(-ag Ii * i ) n 



l-a&q"+ 1 1 

(1-9)9™ 1-9 

5n/Qn (1-"<?V 

l-abq n + 1 q n 



din /a, 

7n/ 7" 



and 



■BqJ („„•,_ ^ (1 - afrg 2fc+1 )(ag, a&g, ate ^ g) fc / , 
-BqJ / A (1 ~ abq 2k+1 )(bq, abq, cq; q) k ( k—i\ 



TrrBqJ / x k 1 ~~ uu y {vq,uuq,cq,q k -l i= 

(eg = > — r— ; — t r -ac g2 

f-^ 1 - abq)(q,aq,abc L q:q) k V 



fc=o 

n 



(1 - abq)(q,aq,abc 1 q;q)k 
(1 — abq 2k+1 )(aq,abq,cq;q) k ( k+3\ ~ k 



^BqJr, x U - abq^^ {aq, abq, cq; q k f 

^ (1 - abq)(q,bq,abc L q;q) k V 

fc 
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^ (l-afeg 2fc+1 )(afeg;g) fc (-gV) (a5g 2 ;g)n 
(a ^ ) = 5 (l-aba)(a:a), = laTaXT \~ Q J ' 



fc=0 



^BgJ, ,x sr^ {1 ~ abq 2k+l )(aq,abq;q) k k {aq 2 ,abq 2 ;q) n 

K n q (ag,l) = > — — (ag = — — r ag) , 

^ (1 - abq)(q,bq;q) k (q,bq;q) n 

where V q the g-Jackson derivative (see e.g. [17]), V q P(z) = [P{z) — P(qz)]/[(1 — q)z\. 

The big g-Laguerre polynomials P n (x; a, c; q), are a particular case of the big g-Jacobi poly- 
nomials: P n (x;a, c;q) = P n (x; a, 0, c; g), therefore all their properties can be obtained from the 
corresponding ones of the big g-Jacobi by putting b = 0. A special case of the big g-Laguerre 
polynomials are the affine g-Kravchuk polynomials [17, page 101]. 

The little g-Jacobi polynomials p n (x;a, b\q) constitute a g-OPS with respect to a linear 
functional 

oo 

(C M P) := Y,P(s)p(s)q s , 

s=0 
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Table 2: Parameters of little g-Jacobi, g-Laguerre and Al-Salam-Carlitz I polynomials 



little g-Jacobi 



g-Laguerre 



Al-Salam-Carlitz I 



a(x) 

4>(s) 

p(x) 



Pn(x ) 

a„/a„ 

7n/7n 



q 1 x(x — 1) 
ax(bqx — 1) 

2 (l-abg" + 1 )(l-9") 
'I 2 (1-,)^" 

(ag;g)oo (fcg;g) 3 fl s 
(a6<?^;<?)oc (q;q)s 

(l-abq) (q,bq;q)n („ n \r- 
(l-abq^ + l) (aq,abq;q)„ V" 1 /; 

p„(0;a,%) = 1 
1-9" 

(1-9)9" 
l-abg"+ 1 

l-<7 



q 1 x 
ax(x + 1) 

a s (aq,-c,-c 1 '?;q')oo 
(q, — caq, — c~ 1 a~ 1 , — cg s ;qj c 

(tt<?;<?)-n. 

(q;g)n9 n 

U a) (0;g) - ^aala 



(9;9)r, 







aq 



(a; — l)(a; — a) 
a 

A i-g" 

1 (qx f a 1 qx;g) QO 
1 — 9 (q.a.a-iijiijjoo 

(g;<?)n (-ag 2 ^) 
f/< a) (l;g) = (-ag 1 ^)' 

q (1-9)9" 
9 

1=2 



where p(s) is given in table 2 and it is supported on [0, 1], < a < q , b < q 1 . Moreover 



^ J (x,0) 



(aq, abq; q) r< 
(q, bq; q) n a r - 



(1 - abq n+1 )P n {x; a, b\q) - (x - 1)(1 - q'^P^x; a, b\q) 



1 — a6g 



fc=0 v 



(1 - abq 2k+1 )(aq, abq; q) k k _ {aq 2 , abq 2 ; q) n 



bq)(q,bq;q) k 



(q, bq; q) n 



-(aq)' n . 



(9) 



The g-Meixner polynomials M n (q s ;b,c;q) are a (/-COP sequence with respect to a linear 
functional 



(C« M ,P) :=J2P(s)p(s)q- s , 



s=0 



where the weight function p(s) is supported on [l,+oo), < b < q 1 , < c (see table 3). 
Furthermore, 

(bq;q)n 



K« M (x,l) 



(q,-c l q;q) r 



[M n {x; b, c; q) - (x + 6c) (1 - q)V q -iM n (x; b, c; q)] , 



(10) 



k=0 



A special case of the g-Meixner polynomials are the quantum g-Kravchuk [17, page 98]. 

The Al-Salam-Carlitz I polynomials U^\x;q) are orthogonal with respect to the linear 
functional 



(C A ^ 2 ,P) := / P(x)p(x)d q x, 

J a 

where p{x) is supported on [a, 1], a < 0, x := x(s) = q s . Their main data are in table 3. For 
these polynomials we have 



n r 

K* CI (x, 1) = r f T - U<?\x;q) - (x - o)(l - g^V^^x; q) 



(q;q)n 



fc=0 



-aq 2 



(11) 
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Table 3: Parameters of Wall, q-Meixner, and g-Charlier polynomials 



Wall g-Meixner g-Charlier 

a(x) q~ 1 x(x — l) q~ 1 c(x — bq) q~ 1 ax 

4>(s) —ax (x — l)(x + be) x(x — 1) 

<H raH)" (9 '~iCu )n l' n {-a-\,q;q) n q- 

P n {x ) p n (0;a\q) = l M„(l; b, c\q) = 1 C„(l;a;g) = l 



S„/a„ 



1-9" 1-9" 
1-9 1-9 
1 1 1 
(1-9)9" 1-9 1-9 



The little g-Laguerre / Wall polynomials p n (x; a\q) are orthogonal with respect to the linear 
functional 

00 

(C^ L , P) := J2 P(s)p(s)q s , x := x(s) = q s , supp(p) = [0, 1]. 

s=0 

Since they are a particular case of little g-Jacobi (b = 0) all their properties can be obtained 
from the former ones putting 6 = (see table 3). In particular, 

< qL (^) = \Pn(x;a\q) - a(l - q)q"V qPn (x; a\q)} , K^(0) = ( { ^\ . 

(q;q) n a n q n {q]q)n{aq) n 

(12) 

The g-Laguerre polynomials L^\x;q) are orthogonal with respect to the linear functional 

+00 

(C« L ,P):= ncq k ) P (s)q s , 

s=—oo 

where the weight function p(s) (see table 2) is supported on [0, +00), a = q a , x := x(s) = cq s . 
In this case 

1_1 -r. 1- (a) „\ ^ Q L,^ (aq-,q)k k _ (aq 2 -,q) n 



Kf(x,0) = q n L^(x;q) - « -V q L^ (q' 1 x; q) , Kf (0) = £ q 



a " ' ™ ^ ('/:'/!/.- («;?)n 

(13) 

The g-Charlier polynomials C n (q~ s ; a; q) constitute a g-COP sequence with respect to the linear 
functional 



(C&,P) :=J2P(s)p(s)q- s , 



s=0 



where p(s) is supported on [1, +00), a > (see table 3). Moreover, 

^f ( x,i) = c " (x;Q;9) 7 x(1 1 - g)P r lCn(x;a;9) . Kf (i) = E 7 ^ r - (14) 

The Stieltjes-Wigert polynomials S n (x;q) correspond to an indeterminate moment problem, so 
there are infinitely many representations for the linear functional C sw with respect to which 
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they are orthogonal (see e.g. [17]). Here we will chose the following one 

poo 

(C SW ,P):= / P(x)p(x)dx, 
Jo 

where p(s) is a weight function supported on [0, +00) (see table 1). In this case 

K* w (x, 0) = q n S n (x; q) - (g" 1 - l)V q S n (q- l x- q), K^ w (0) = ^-L-. (15) 



3 The g-Krall-type orthogonal polynomials 

In this section, we will introduce the g-Krall-type orthogonal polynomials. In a very recent 
paper [9] the authors introduce the "discrete" Krall polynomials as a perturbation of a classical 
or semiclassical discrete linear functional and they develop a general theory in order to find some 
algebraic properties such as TTRR, SODE, etc. In this paper we focus our attention on the 
special case when the starting functional C is a (/-classical functional [21]. Thus we consider the 
linear functional U defined as 



(U, P) = (C, P) + AP(x ) + BP(si), A, B > 0, 



(16) 



where C is the linear functional (1) and xq, x\ € M. In [9] a general theory for solving this 
problem (when N mass points are added) has been presented, nevertheless only two examples 
were considered in details. Here we will complete this work introducing new examples and we 
will establish the limit relation among them, in the same way as in [6]. 

The explicit expression of the polynomials P n ' (s) q orthogonal with respect to the linear 
functional U (16) is given by [9] (it is assumed that the polynomials P n and P n have the same 
leading coefficient) 



M 



P n {x) = P n (x) - ^2AiP n (ai)K n -i(x,ai), 



(17) 



where {P n (ak))kLi are the solution of the system 



M 



P n (ak) = Pn(ak) -^2A i P n (ai)K n . 1 (ak,a i ), k = 1, 2, . . . , M. 



The formula (17) was firstly obtained by Uvarov [23] (see also [15, §2.9]). Hence, the formula 
[9, Eq. (2.5) page 57] yields 



P± B (8) q = P n (s\ 



AK n _ l (x,x ) 
Bif n _i(x,xi) 



1 + AK n -i(x ) BK n _i{xo,xi) 
Aftr„_i(xi,2 ) l + BK n _i(xi) 



Pn(xo) 
Pn(xi) 



, (18) 



where C* is the transpose of C. Furthermore, the polynomials Pn ,B (s) q exist for every n = 
0, 1, . . . if and only if the following condition 



det 



1 + AK n - 1 (x ) BK n _i(xo,xi) 
AK n - 1 (x 1 ,x Q ) l + BK„_i(si) 



+ 0, Vn G N, 



(19) 
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(20) 



holds. When the mass B = (18) transforms into 

P*{s) q = P n (s) q - AP^x^K^x^), P^(x ) q = l + AK n % o y 

Notice that if A > 0, then (19) becomes into 1 + AK n ^i(xo) > 1, hence P,^{s) q exists for every 
n = 0,1,.... 

The next step is to construct the corresponding families of g-Krall type orthogonal polynomials 
associated with each family of ^-orthogonal polynomials considered in section 2.1. We will 
start with the big g-Jacobi family since the other families can be obtained from it via taking 
appropriate limits. Furthermore, we will choose the values of xq and x\ in such a way that the 
kernels (4) has the simplest form, i.e., (5) and (6). 

3.1 The big g-Jacobi-Krall polynomials 

Let us consider the linear functional U BqJ defined by 

(U BqJ , P) = (C BqJ , P) + AP(x ) + BP( Xl ), A, B > 0, 

where xo, x\ G M and C BqJ is the functional (7). The corresponding polynomials will be de- 
noted by Pn' B (x;a,b,c;q) and constitute a (/-analog of the Koornwinder polynomials [18]. The 
polynomial expression for this family follows from (18) 

P^' B (x; a, b, c; q) =P n (x; a, b, c;q) - \ AK*l{ (x; x ) BK*l{ (x; Xl ) 



1 + AK B li(x ) BK*l{{x Q , Xl ) 
AK*l{{ Xl ,x Q ) l + BK*i{{ Xl ) 



P n (x ;a,b,c; q) 
P n (xi,a,b,c; q) 



Now, we are going to consider two specific cases: 



1. The g-Koornwinder polynomials obtained when we add two mass points at the endpoints of 
the interval of orthogonality of the big g-Jacobi polynomials, i.e., xo = cq and x\ = aq. For 
these values, 



P^ B (x; a, b, c; q) := P n (x; a, b, c; q) - AP^ h \cq)K*l{ (x, cq) - BP£ a \aq)K^l{ (x, aq). 

Then, using (8) and taking into account the identities [17, Eq. (3.5.6), (3.5.7)] for the big 
g-Jacobi polynomials, 

P n (x;a,b,c;q) - P n (qx;a,b,c;q) = — xP n _i(gx; aq, bq, cq; q), 

(1 - aq)(l - cq) 

q(q~ n - l)(l _ a bq n+l ) 

V q P n (x;a,b,c;q) = — — — P n -i(qx; aq, bq, cq; q), (21) 

(1 - q)(l - aq)(l - cq) 

we get 

Pn' B {x; a, b, c; q) = P n (x; a, b, c; q) - A n ^iP n ^i(x; a, b, c; q) - £„_i(x)P n _ 2 (x; aq, bq, cq; q), (22) 
where 

= {ab^ / A ~A B (cq;q) n ^ Ja^_ 

(q;q)n V n+1 c n (abc- l q;q) n n+lK H> a n {bq;q) n 



^BqJ , 
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and 



Bn(x) = 



(abq 2 ;q) n (l 



(1 - aq)(l - cq)(q;q) n 



, , pA,B / \ (cq;q)n(x-aq) 



+ BPAB^M (ag;g) n (x-cg) 



Before analyzing the following particular case let us show that these polynomials can be written 
as a basic hyper geometric series. In fact, by definition of the big g-Jacobi polynomials and (22) 
we obtain 



P^ B (x;a,b,c;q)=J2 



(q n ,abq n ,x;q) k q k f (1 - aq k+1 )(l - cq k+1 ) 



fc=o 



(aq 2 ,cq 2 ,q;q) k 



1 — abq 



n+k 



1-q 



-n+k 



1 - q~ n 



+ B n {x) 



(1 — aq)(l — cq) [ 1 — abq r 
(1 -q~ n ){l -q~ n+l ) 



(23) 



Now, if we use the identity (q a+1 ;q) m (l — q a ) = (q a ;q) m (l — q a+m ) as well as the fact that 
the polynomial on q k at the RHS, namely 113, has three zeros, namely q ai , q a2 , and q as which 
depend, in general, of all parameters, i.e. 01,2,3 : = &i,2,3(n,x;a,b,c,A,B;q), and 



ir 3 (q k ) = r(x)(q k - q^)(q k - q a *)(q k - q a *), degr(x) = 1. 



Then we get 

Pn ,B (x; a, b, c; q) = D n (x) 6 tp 5 

where 



q "jafeg",^ 1 ^^q 1 OL2 ,q 1 Q3 ,x 
aq 2 ,cq 2 ,q- a \q~ a2 ,q 1 - a3 



(24) 



D n {x) = (1 - <T )(1 - q a2 ){l - q a *)r{x). 



"A B 

Remark 3.1 Notice that D n is, in general, a polynomial of degree 1 in x. To see that P n ' is 
a polynomial of degree n we only need to evaluate (23) for k = n since in this case the second 
term on the last bracket vanishes. 

2. The case xo = aq and x\ = \. For these values, 

P^ B (x; a, b, c; q) := P n (x; a, b, c; q) - AP^ B ' (aq)K B l{(x, aq) - BP^ B {l)K B ^(x, 1). 
Then, using (8) and the relation (21), we get 



Pn ,B (x; a, b, c; q) = P n (x; a, b, c; q) - A n _iP n _i(x; a, b, c; q) 

—B n -i(x)P n -2 (x; aq, bq, cq; q) - C n _i (x)P n _ 2 {qx; aq, bq, cq; q) 



(25) 



where 



A n 

B n (x) 
C n (x) 



(aq,abq 2 ;q) n 

(q, bq; q) n a n 
,2. 



AP^ B (aq) + 



(-l) n (cq;q) n 



(abc- 1 q;q) n c n q n / 2+3n / 2 



{aq,abq 2 ;q) n (l - q n ){x - cq) A pA,B, >, 
(q,bq;qUaqni-aq)(l-cq) 

( — l) n (aq, abq 2 , cq; (/) n (l — q n )aq 3 (bx — c) 
(q, bq, abc~ x q; q) n a n c n q n2 / 2+3n / 2 (l — aq)(l — cq) 



BPnfAV- 
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Hence, following the same idea of the previous case we get, this family admits another represen- 
tation in terms of basic hypergeometric series. Indeed some calculations, in the same fashion as 
in the previous case, yield 

' ,abq n ■,<Z 1-ft ,g 1_ft ' , g 1 "* ,x 



Pn' B (x; a, b, c; q) = D n (x) 6 ip 5 



aq 2 ,cq 2 ,q- l3l ,q- f52 ,q- f5:i 



q;q 



(26) 



where D n (x) depends of the parameters defined for this family, and q^ 1 , q^ 2 , and q^ 3 are the zeros 
of a certain cubic polynomial on q k , := /3«(n, x; a,b,c, A, B; q), i = 1,2,3, obtained as before 
from the expression (25) and the basic series representation of the big g-Jacobi polynomials. 

Remark 3.2 Observe that, although D n is a polynomial of degree 2 in x, Pn ' is a polynomial 
of degree n in x since the evaluation of the basic hypergeometric series (26) for both k = n — 1 
and k = n vanishes. 

Two particular interesting cases are the following: Setting A = in the g-Koornwinder polyno- 
mials (24) we obtain 



P B (x; a, b, c; q) = D B (x) e ip 5 
and setting A = in the second family (26) we get 



q~ n , abq n , q l ~ ai , q 1 "* 2 , g 1 "" 3 , x 



P B (x; a, b, c; q) = D* (x) 6 ip 5 



aq 2 ,cq 2 ,q ai ,q @ 2 ,q t 



q;q 



q~ n ,abq n ,q l -P\q v -P 2 ,q l -^,x 
aq 2 ,cq 2 ,q- l3l ,q-P 2 ,q- f5:i 



q;q 



Setting in all the above formulas c = q^ 1 ^^ 1 we obtain the g-Hahn-Krall polynomials. 
Before continuing let us point out that the above families satisfy a three-term recurrence 
relation and a second order linear difference equation. For more details see [9]. 

3.2 Examples adding one mass point 
3.2.1 The big g-Laguerre-Krall polynomials 

It is a particular case of the g-Krall big g-Jacobi. In this case the linear functional U BqL is 

(U BqL , P) = (C BqL , P) + AP{aq) , A>0, 

where C BqL is the functional with respect the big g-Laguerre are orthogonal. The explicit 
expression for the polynomials is 



P n (aq;a, c; q) q K BqL (x, aq) 



Pn(x; a, c; q) q = P n {x; a, c; q) q - A 



or, equivalently, putting B = in (22) and set 6 = 0, 



n+l , 



P n (x; a, c; q) =P n (x; a, c; q) q - 



A(-cq 2 ) n (ag; 



n-l 



l + AK Bq _ L (aq) 
P„_i(x;a,c; q) q - (x - cq)(l - q- 1 )V q P n _ 1 (q- 1 x; a, c; q) q 



{cq;q)n(q;q)n~ia 



n-l 



They can be represented as a 6^5 basic series. 
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3.2.2 The little q-Jacobi-Krall polynomials 

These polynomials are orthogonal with respect to the linear functional U lqJ 

(U lqJ , P) = {C lqJ , P) + AP(0), A > 0, 

where C lqJ is the functional of little g-Jacobi polynomials. The representation formulas for this 
family is (see (17), (9)) 

Pn (x; a, c\q) g =p n (x; a, c\q) q - A — — j^j— = p n (x; a, c\q) q - 1 + (Q) 

(1 - a6g")P„_i(x; a, b\q) q - (x - 1)(1 - q-^VgPn-^q^x; a, b\q) q ~ 



(1 - abq)(q,bq;q) n - 1 d 



n-l 



This case leads to a basic series. 



3.2.3 The g-Meixner-Krall polynomials 

These polynomials are orthogonal with respect to the linear functional U qM 

(U qM , P) = (C qM , P) + AP(l), A > 0, 

where C qM is the functional of the g-Meixner polynomials. The explicit expression for this family 
is (see (17), (10)) 

mA< u , m( h\ \ A M n {l;a,b\q) q K-ii.^) M , , M A(bq;q) n ^ 
M n (x; a, b; q) q =M n (x; a, b\q) q - A Aw qM = M ^ «» %)<? ~ : ; AwQ M 

1 + A ^n-lK S -) L + AiSk n-l\ L ) 

M„„i(x;6,c;g) - (x + 6c) (1 - q)V q -iM n -i(x;b, c;q)~ 



(q,-c 1 q;q) n -i 



And, this case leads to a 5^4 basic series. 



3.2.4 The Al-Salam-Carlitz-Krall I polynomials 

These polynomials are orthogonal with respect to the linear functional U ACI 

(U ACI , P) = (C ACI , P) + AP(1), A > 0, 

where C ACI is the functional of the Al Salam Carlitz I polynomials. The representation formula 
for this family is (see (17), (11)) 

jj(a),Ai \ \ A Un\l;q)qK A S{ (x,l) TT i a ) , \ , ui\l;q) q 

uk (*; ?), =uk (*; i\ - A 1 + ak ac I{1) = u n (*; i\ - a 1 + ak aci {1) 



,n-l 



(9;?)n-i 



fl&s;?) - (x - a)(l - q-^V^iq-^q) 



(a) 



This case leads to a 5994 basic series. This family was considered in [9]. Since the Al-Salam- 
Carlitz II are related with the Al-Salam-Carlitz I by the change q — > q^ 1 the corresponding 
g-Krall family can be obtained by the same change. 
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3.2.5 The little q-Laguerre-Krall/Wall-Krall polynomials 

These polynomials are orthogonal with respect to the linear functional U lqL 

(U lqL , P) = {C lqL , P) + AP(0), A > 0, 

where C lqL is the functional of the g-Laguerre/Wall polynomials. The explicit expression for this 
family is (see (17), (12)) 



Pni x 'i a \q)g = Pn{x; a\q) q TaT, = Pn(x\ <Aq) 



1 + ^(0) ' l + AK l f_M 

iSrr bn-i(^;ak) - a(l - g)g n_1 Z?,p n _i(a;;a|g)] . 



(q;q) n -ia n l q 
This case leads to a 4(^3 basic series. 

3.2.6 The g-Laguerre-Krall polynomials 

These polynomials are orthogonal with respect to the linear functional U qL 

(U qL , P) = {C qL , P) + AP(0), A>0, 
where C qL is the functional of the g-Laguerre polynomials. In this case (17) and (13) yield 

J(a),A, s T (a), x A L i n ) {0;q) q K q n L _ 1 (x,0) 



L\:\x-q) q -A ^Q'd* 
q l + ^f-i(0) 



q^L^x-q) - q ^-±V q L { Zl l {q-\-q) 



This case leads to a 4^3 basic series. 



3.2.7 The g-Charlier-Krall polynomials 

These polynomials are orthogonal with respect to the linear functional U qC 

(U qC ,P) = (C qC ,P) +AP(1), A>0, 

where C qC is the weight function of the g-Charlier polynomials. For these polynomials (17) and 
(14) yield 

~ A C n (l;a;q) q K^ 1 (x,l) 
Cn{x;a;q) q = C n (x; a; q) q - A- 



l + AK^l) 



C n (x;a;q) q 



C n _i(x; a; q) - x(l - q)V -iC n -i(x; a; q) 



l+AK^^l) L (-a- 1 q,q;q) n - 1 
This case leads to a 4^3 basic series. 
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3.2.8 The Stieltjes-Wigert-Krall polynomials 

These polynomials are orthogonal with respect to the linear functional U sw 

(U SW ,P) = (C SW ,P) +AP(0), A>0, 

where C sw is the functional of the Stieltjes-Wigert polynomials. The representation formula for 
this family has the form (see (17), (15)) 

S£(x;q) q = Sn(x;q) q -A i ^fy [q^S n ^(x;q) - (q' 1 - l^S^q'^q)] . 
This case leads to a 3993 basic series. This family was firstly studied in [12]. 
3.3 Some algebraic properties of P^(s) q 

In [9] it is shown that the g-Krall-type orthogonal polynomials satisfy a second order linear 
difference equation of the form 

a(s; n)P n {s - l) q - tp(s; n)P n (s) q + q(s; n)P n {s + 1), = 0, (27) 

where 

a(s; n) = t(s; n)[a(s; n)d(s; n) — c(s; n)b(s; n)], 

(p(s; n) = — 7r(s; n)[c(s; n)f(s; n) — e(s; n)d(s; n)], (28) 
<T(s;n) = r(s;n)[e(s;n)b(s;n) - a(s;n)f(s;n)], 

being 

r(s; n) = q(s + 1; n)ir(s + 1; n), c(s; n) = —a{s + 1; n) b(s + 1; n), 

d(s; n) = a(s + 1; n)<;(s + 1; n) + b(s + 1; n)tp{s + 1; n), t(s; n) = a{s; n)w(s — 1; n), 

e(s; n) = a(s; n)b(s — 1; n) + a(s — l;n)ip(s; n), f(s; n) = — a(s — 1; n)s(s; n), 

where a(s; n), b(s; n), and ir(s; n) are the coefficients of the representation formula for the Krall- 
type polynomials P n 

tt(s; n)P n (s) q = a(s; n)P n (s) q + b(s; n)P n (s + l) q , 

and a, ip, and ? are the coefficients of the second order difference equation that the starting 
polynomials P n satisfy 

a(s; n)P n (s - l) q - <p(s; n)P n (s) q + q{s; n)P n (s + l) q = 0. 

Also in [9] the TTRR for the polynomials P^{s) q is computed 

x(s)P^(s) q = a£?A +1 (s) q + ^P^{s) q + ^Pti(s) q , (29) 

where the coefficients a^, fin-, and 7^ are given by 



dl 



a^ = a n , 7n = "n-iV 3- ^ °' 

4-1 



a A o , AP n {s Q ) q f P n+ i(s ) q P n -i(s ) q 



dl \ n l + AK n (s ) '"l + ^i^o) 
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where a n , f3 n , and j n are the coefficients of the TTRR of the starting family of (/-polynomials 
(2), d 2 n = (C,P n P n ) and 



4 = (U, P^P A ) =d 2 n + AP A (s ) q K n -i(s ) + A P A {s ) q 



2 = l + AK n (s ) 2 



are the square of the norms of the polynomials P n and P„ , respectively. 
3.3.1 Some examples 

Here we will restrict ourselves to the more simple cases. The other cases are analogously and 
we will omit them here. 

Little g-Laguerre-Krall / Wall-Krall polynomials: The Wall polynomials satisfy the fol- 
lowing SODE (recall that x := q s ) 

ap n {qx; a\q) + (1 - x)p n (x/q; a\q) + [(x - a - 1) + q~ n {l - q n )x]p n {x; a\q) = 

as well as the relation [21, Eq. (3.2), page 175] 
1 - q n 

xV q p n (x; a\q) = — - (p n (x;a\q) - p n -i(x; a\q)) => (l-g n )p n _i(x; a\q) = -q n p n (x;a\q)+p n (qx;a\q). 



Then, for the kernel K n _i(x,0) we have the expression 

(aq; q) n+1 



xK n _i(x,0) 



\p n (x;a\q) - p n (qx; a\q)] . 



{\-q n ){q-q) n aP 

Thus from the expression for the Wall-Krall polynomials in section 3.2.5 we obtain 

xPn (x; a\q) q = (x + bn)p n (x; a\q) q - b^p n {qx; a\q) q , 

-At in / c n s , ... A-q^ 1 1 + a(l - q n ~ x - q n ) Aq n p n {x; a\q) - p n {qx; a\q)) 
xp„(x;a\q) = (x -)p n (x; a\q)+ac n ( ; — 

where 

A(aq;q) n -i 



where 



(l + ^K n _ 1 (0))a"- 1 (9;?)n-i' 



b A = A Pn{0;a\q)g (aq;q)n+i 
n ~ 1 + A< gL 1 (0) (1 " q n )(q;q) n a n ' 



Therefore, Theorem 2 of [9, page 60-61] gives the following values for the coefficients of the 
SODE (27) 



<r(s;n) 



a {x + 1) (q n x(b A ) 2 - x(b A ) 2 - x 2 b A - aq n xb A + q n xb A + xb A - q n b A - aq n x 2 + aq n x) 



<p(a;n) =x [((l-q- n ) x-x + a + 1) (b A + x-l)-{l-x) b A ] (a (b A + x + l)-((l-g-») (x + l)-x + a) b A ) 
+ ax 2 (-b A -x + l) b A , 

{x-lf (q n x(b A ) 2 -x(b A ) 2 +q n (b A ) 2 - (b A ) 2 - x 2 b A -aq n xb A + q n xb A -xb A -aq n b A -aq n x 2 -aq n x) 
<r(s;n) = 
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For this family we have the following coefficients of the TTRR (29) 

afi=-q n (l-aq n+1 ), 

^=q n (l-aq n+1 ) + aq n (l-q n )) 

A g n {l -aq n+1 ){l - aq) q 11 ' 1 ^ - aq n )(l - aq) 



(1 - aq)d 2 n + A(l - aq^ 1 ) (1 - aq)d 2 _ 1 + A(l - aq n ) ' 

A=a A (^((1 ~ agK-i + 1 ~ aq n ) + (1 ~ QgK-iKg ~ qg)^- 2 + 1 ~ ag"' 1 ) 
7n " n - 1 (4_!((1 - ag)c£_ 2 + 1 - ag"" 1 ) + (1 - a<z)d£_ 2 )((l - ag)^_ 1 + 1 _ a(? n) > 

^d 2 n = ^(aqr. 

g-Stieltjes-Wigert-Krall polynomials: The g-Stieltjes-Wigert polynomials satisfy the SODE 

xS n (qx; q) + S n {x/q; q) - [1 + ^ n x]5 n (a;; g) = 0. 

Now, combining relation [21, Eq. (3.2), page 175] and the TTRR of the Stieltjes-Wigert poly- 
nomials we have 

x 2 V q S n (x; q) = ^-f^-(q n x + q 2 )q- n s n (x; q) - j- S„_i(x; q) 

1 — q 1 — q 

5 n _i(x; g) = -[q 2n x + gV - l)]S n (x; q) - xq n S n (qx- q). 
Then, for the kernel K n -i(x, 0) we have the expression 

xK n ^{x,Q) = -(1 - q n+l )q-* n - 1 [((1 - q n )(l - q 2 ) + q 2n x)S n (x;q) - xq n S n (qx;q)] . 

Thus from the expression for the g-Stieltjes-Wigert-Krall polynomials in section 3.2.8 we obtain 

xS£(x; q) q = [(1 + b£q 2n )x + (1 - q n )(l - q 2 )b£] S n (x; a) q + b£q n xS n (qx; q) q , 

being 

hA 3n-l ^n(0;g) g (l-g n+1 ) 

n q 1 + ^K^(0) " 

Therefore, Theorem 2 of [9, page 60-61] gives the following values (28) for the coefficients of the 
SODE (27) which explicit expression we will omit here. 

For this family we have the following coefficients of the TTRR (29) 

a^ = -(l-g"+ 1 )g- 2 "- 1 , 



7 3n+l 



(q;q) n + A (q;q) n -i + A J ' 



A = 1 ((gi^ + Altogln-i+^l-g"- 1 )) 

ln ~ {{q . g)n _ 1 + ?)n + A(1 _ ^n)) • 
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4 Limit relations between g-Krall-type orthogonal polynomials 



In this section, we study the limit relations involving the g-Krall-type orthogonal polynomials 
associated with some families of ^-polynomials of the g-Hahn Tableau [19, 21]. As we already 
pointed out the g-Koornwinder polynomials Pn' B (x; a, b, c; q) (22) is the (/-analogue of the Koorn- 
winder polynomials Pn' B {x) [18]. In fact, a direct calculation show 

lim P^ B (x;a,b,c;q)=P^ B (x). 

Let now consider the other limits. 

1. Big g-Jacobi — > Big g-Laguerre. We know that the big g-Laguerre is a special case of 
big g-Jacobi setting 6 = 0, i.e. P n (x; a, 0, c; q) = P n (x; a, c; q). Then, from (20) we get 

P r f(x; a, 0, c; q) = P^(x; a, c; q). 

2. Big g-Jacobi — > Little g-Jacobi. The little g-Jacobi polynomials can be obtained from 
the big g-Jacobi polynomials by linear change of the variable x — >• cqx and taking the limit 
c — > oo, i.e. linic-s.oo P n (cqx; a, b, c; q) = p n (x;a,b\q). In this case, putting xcq = aq and 
taking the limit c^cxiwe get x — > 0, thus lim P n (aq; a, b, c; q) = p n (0', a, b\q). Taking into 
account that the the norm of big g-Jacobi transforms into the norm of the little g-Jacobi 



we obtain 

P ] 

c— >oo 



lim P^(cqx;a,b,c;q) = p A (x;a,b\q). 



3. Big g-Jacobi — > g-Meixner. If we take the limit a —¥ oo in the big g-Jacobi we obtain 
the g-Meixner polynomials [17]. Thus, from (20) we deduce 

lim P^(q~ s ;a,b,c;q) =M^(q- s ;c,-b- 1 ;q). 

a— ¥oo 

4. Big g-Jacobi — > Hahn. Setting c = g _JV_1 in the big g-Jacobi we get the g-Hahn poly- 
nomials Pn' B (x; a, b, q~ N ~ 1- , q) = Qn' B (x; a, b, N\q). Substituting x = q~ x , a = q a , b = q@ , 
we recover the Hahn-Krall polynomials studied in [5] lmig^- Qn A (q~ x ', q a , q@ , q~ N ~ 1 \q) 
= Qn A {x;a,f3,N). Notice that from the Hahn-Krall polynomials it is possible to obtain 
several other families of Krall-type polynomials via appropriate limits (see [6] ) . 



5. Big g-Laguerre — > Al-Salam-Carlitz I. Substituting x — > aqx and c — > ac in the big 

g-Laguerre polynomials and taking a — >■ we obtain the Al-Salam-Carlitz I polynomials 
lim^O P " (a9 !; a ' aC;9) = q n ui c) (x; q). Therefore, 



6. Big g-Laguerre — > Little g-Laguerre/Wall. The little g-Laguerre polynomials can be 
obtained from the big g-Laguerre polynomials by setting x — > bqx and then taking the 
limit b — > oo: lim^^ P n {bqx; a,b;q) = p n (x;a\q). Thus 

lim P A (bqx;a,b;q) =p A {x;a\q). 

b— ¥oo 
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Figure 1: The (/-Hahn-Krall Tableau 

7. Little g-Jacobi — > Little g-Laguerre/Wall. Setting b = in the little g-Jacobi poly- 
nomials we get the little g-Laguerre p n (x; a, 0|g) = p n (x; a\q), then 

Pn(x;a,0\q) = p^(x;a\q). 

8. Little g-Jacobi — >■ g-Laguerre. In this case straightforward calculations give us 



lim p Ti 

b—>oo 



bq 



;q a ,b 



(g a+1 ;q)n 



L^ A (x;q). 



9. g-Meixner — >■ g-Laguerre. Straightforward calculations yield 



lim M n (cax; a,c;q) 



(q;< 



-L 



(a),A 



(x;q). 



{q a+1 ;q)r 

10. g-Meixner — >■ g-Charlier. lim^o M A (x; b, a; q) = C^(x; a; q). 

11. g-Laguerre — s> Stieltjes-Wigert. Ym\ a ^ (Xl L^ ,A (xq~ OL ]q) = S^(x;q). 

12. g-Charlier — > Stieltjes-Wigert. lim^oo C£ (ax; a; q) = (q;q) n Sn(x;q). 

To finish this work let us point out that for the other families of the g-Hahn tableau, i.e., for 
the g-Kravchuk, alternative g-Charlier the same results can be obtained in an analogous way. 
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